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Abstract— A cuspidal serial robot can travel from one inverse
kinematic solution to another without crossing a singularity.
Cuspidal robots ask for extra care and caution in trajectory
planning, as identifying an aspect related to one unique inverse
kinematic solution is not possible. The issues related to motion
planning with cuspidal robots are related to the inherent prop-
erty arising from the geometric design of the robot. The cus-
pidality property has not been considered in recent industrial
6R robots with a non-spherical wrist. In this work, cuspidality
is illustrated with the JACO robot (gen 2, non-spherical wrist),
a serial arm by Kinova Robotics which is deployed in various
applications and is cuspidal in nature. A nonsingular change
of solutions for the robot is provided to highlight the effect of
cuspidal robots on the interference with the environment. The
pose with multiple inverse kinematic solutions in an aspect is
presented. Problems in choosing the initial solution of the path
in cuspidal robots, and its consequence, is illustrated with an
example path in the workspace of the JACO robot. The paper
presents the importance of cuspidality analysis of 6R robots
and the implications of neglecting it.

I. INTRODUCTION

Wrist-partitioned anthropomorphic serial robots have
been conventional designs for 6R commercial robots. The
inverse kinematics and the singularities of such robots can
be easily determined. Since the determinant of the Jacobian
matrix, J, factors into three components, the singularity-free
connected regions in the joint space, named aspects, can
be determined and visualized. From the analysis of these
robots, it was assumed that every inverse kinematic solution
of a serial robot lies in an aspect. This was proved to be
incorrect, and counterexamples were presented in 1988 by
Parenti-Castelli [1] in two 6R robots and by Burdick in 1989
[2] in 3R robots. Cuspidal robots are serial manipulators
that can travel from one inverse kinematic solution (IKS) to
another without crossing a singularity. The ability to follow
a path effecting the change of inverse kinematic solutions
without crossing a singularity is termed as cuspidality and
the path is called a nonsingular change of solutions. The
name ‘cuspidal’ originated from the existence of a cusp
in the singularity locus in the workspace of cuspidal 3R
robots [3]. Cuspidality exists in both serial and parallel
manipulators [4], [5], but this paper focuses on serial
manipulators only. Most commercial robots implemented
in the past are non-cuspidal and the posture in which a
non-cuspidal robot is operating can be easily identified
with the signs of the factors of the determinant of J [6].
Instead, posture identification is not possible in cuspidal
robots as the determinant does not usually factor and there
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are multiple solutions in one aspect [7]. Cuspidal robots
were first formalized in [7] and later extensively studied
in [8]–[12]. Different approaches were implemented to
identify and classify 3R orthogonal robots (i.e. robots with
three mutually orthogonal joint axes), based on cuspidality.
Recently, it was proved that the existence of a cusp point is
a necessary and sufficient condition for generic 3R robots
to be cuspidal [13]. A certified algorithm to decide the
cuspidality of non-redundant revolute-jointed robots was
presented [14], allowing a designer to verify his designs for
cuspidality. The cuspidality analysis of 3R robots can be
extended to wrist-partitioned 6R robots. This is attributed
to the reason that the singularities in the position and
the orientation for such robots are decoupled. While 3R
cuspidal robots have been extensively studied, the cuspidality
study of 6R robots with non-spherical wrist is still ongoing,
while more and more such robots appear on the market [15].

The issues related to path following in cuspidal robots
are not only related to the algorithms used for trajectory
planning, but also due to the inherent property arising from
the geometric design of the manipulator. As designers move
away from the conventionally implemented wrist-partitioned
anthropomorphic architecture, there is a high chance that
such robots have completely different kinematic properties.
The cuspidality property seems to have been slipped from
the consideration of the current designers around the world
[15]. Recently, several industrial 6R robots with a non-
spherical wrist have appeared. To the best of our knowledge,
the only 6R robots with a non-spherical wrist that have been
analyzed for the cuspidal property, are the UR-series robots
from Universal Robots. Computer algebraic tools were used
to show that these robots have eight aspects with no more
than one IKS per aspect [16], leading to a conclusion that
such robots are non-cuspidal. This is because UR robots
have three parallel joint axes, a geometric simplification
that was identified by Pieper as a solvability criterion [17].
In the absence of 3 parallel joint axes, 6R robots with a
non-spherical wrist are likely to be cuspidal.

In this work, cuspidality is illustrated with the JACO robot
(gen 2, non-spherical wrist) from Kinova robotics, which is
used in various applications. The JACO robot was mainly
designed for rehabilitation [18] and thus is employed near
persons with disability and interacts with them in a few cases.
Multiple IKS that belong to the same aspect are presented,
and the implication of cuspidality on path planning is high-
lighted. The dangers of neglecting the cuspidality are detailed
and the rationale behind limiting their use in collaborative
environments is motivated too.



II. PRELIMINARIES

In this section, few definitions are presented for a com-
plete understanding of the cuspidal robots. Joint limits and
obstacles are not considered in the current study.

A. Recall of important definitions

Aspects: The aspects are the largest singularity-free
connected regions in the joint space of a robot [6].

Cuspidal robot: A cuspidal robot is a robot for which
there exists a path in the joint space connecting two IKS
without crossing the locus of critical points (i.e., meeting a
singularity) in the joint space [19].

Nonsingular change of solutions: A nonsingular change of
solutions is a connected path between two IKS which does
not cross the locus of critical points in the joint space. In
the workspace, a nonsingular change of solutions forms a
closed loop. Indeed, the robot trajectory ends up at the same
pose it started from, but in a different joint configuration. The
singularities of generic 6R robots depend on θi, i= 2, ..5, and
thus lie in a 4-dimensional space that cannot be visualized.
It can be confirmed that a given change of solutions path is
nonsingular if the determinant of the Jacobian matrix does
not change sign along the path. Fig. 1 shows an example of
a nonsingular change of solutions in a 3R robot. It can be
seen that the path in the joint space never crosses the locus
of critical points (shown in blue lines) and, accordingly, the
determinant value does not change signs throughout the path.

B. Path repeatability of cuspidal robots

If a non-cuspidal robots is able to follow a prescribed
closed path once, it can repeat the path in same direction
multiple times. This is not always the case in cuspidal robots,
where path repeatability depends on the initial IKS. This is
well established for 3R robots: a closed path corresponding to
a nonsingular change of solutions can be followed only once
in the same direction, no matter which initial IKS is chosen
[10]. For 6R robots, the situation is even more delicate. It was
reported in [1] that some 6R robots can repeat a closed path
corresponding to a nonsingular change of solutions, while

Fig. 1: Example of nonsingular change of solutions in the
joint space and the progress of determinant value on the path
Robot parameters: d = [0, 1, 0], a = [1, 2, 3

2 ], α = [- π

2 , π

2 ,
0], path = (-3, -0.5) to (-0.742, 2.628).

others cannot. This property of 6R robots to repeat or not a
nonsingular change of solutions path has further implications
in trajectory planning. If the pose of the end-effector can be
changed with manual intervention and the trajectory is not
pre-planned, it is not possible to identify the initial choice
of IKS. Due to this reason, the use of 6R cuspidal robots in
an interactive environment may not be suitable as it can lead
to interference between the robot and its environment.

III. KINEMATIC ANALYSIS

In this section, the kinematic analysis of the JACO robot
is presented. The methodology implemented to get the IKS
is briefly revisited, and instances of end-effector pose with
varying IKS are provided.

A. Inverse Kinematics

Table ?? shows the DH parameter table for the JACO
robot. Here, di denotes the distance along the axis of ith

motor, ai is the offset between ith and (i+1)th frame and αi
is the orientation of (i+1)th the axis with respect to the ith

axis. The parameter d6 does not affect the inverse kinematic
solution and thus can be kept as a variable. For the purpose
of this paper, d6 = 160 mm. The JACO robot has an offset
in the wrist, and thus a direct decoupled analysis cannot
be implemented. Inverse kinematics for such robots with an
offset in the wrist can be obtained by previously established
algorithms for generic 6R robot [20], [21] or with methods
applicable specifically to offset in the wrist [22], [23]. In this
paper, the results are presented by using the methodology
detailed in [23] as it is specific to the JACO design and
is easy to implement. Using this method, a 16-degree-
polynomial in tan θ1

2 is obtained by eliminating the other joint
variables. This polynomial with rational parameters is solved
with the Isolate function [?] in RootFinding library available
in Maple 2020. Then, straightforward backpropagation is
used to obtain the rest of the joint variables.

B. Number of IKS in the JACO robot

It is a well-known result that a wrist-partitioned 6R
robot has at most eight solutions. This is attributed to the
decoupling between the positions and orientation of the end-
effector and thus can be solved independently. The first 3R
chain forms a regional manipulator and its inverse kinematics
can be solved with a four degree inverse kinematics polyno-
mial or two quadratics in cascade. The wrist provides two
solutions for each orientation and thus, yields maximum of
eight (4 × 2) solutions for a wrist-partitioned 6R robot. This

TABLE I: The DH parameters of the Jaco robot
There is an error in original submission for α4 and α5

i di (mm) ai (mm) αi (deg) θi (rad)

1 275.5 0 90 θ1
2 0 410 0 θ2
3 13.3 207.3 -90 θ3
4 103.8 0 55 θ4
5 0 103.8 -55 θ5
6 d6 0 0 θ6



(a) Slice 1 (b) Zoomed section of Slice 2

Fig. 2: Regions with different number of IKS in 2D slice
(xy-plane) in the workspace of JACO. The fixed orientation
as a quaternion (h) and fixed z-coordinate(mm) for the slices:
Slice 1: h = 0.2565 + 0.033î + 0.812ĵ + 0.582k̂, z = 560.56
Slice 2: h = 0.984 + 0.004î + 0.103ĵ + 0.147k̂, z = 257.94

does not hold true for robots with an offset in the wrist such
as the JACO robot. A case of end-effector pose with twelve
IKS was exhibited in [23]. While, in the absence of joint
limits and collisions, a pose in a nonsingular configuration
of a wrist-partitioned 6R robot has either eight IKS or four
IKS, it is shown that the Jaco robot can have two, four,
six, eight, ten, or twelve IKS. It can be concluded from
this finding that the workspace of the JACO robot is divided
in multiple regions of varying number of IKS and thus the
trajectory planning for such a robot is a non-trivial problem.
This is because a desired path can cross singularities in the
workspace and switch between multiple connected regions in
the workspace with varying number of IKS. Figure 2 shows
two different 2D slices in the workspace of the JACO robot
with a fixed orientation and z-coordinate. The blue, yellow,
dark orchid, green, magenta, and turquoise colors represent
the end-effector pose with two, four, six, eight, ten, and
twelve solutions, respectively. The slice in fig. 2a has regions
with two, four, six, and eight solutions. It is worth noting that
two voids appear in this slice. This is unusual in Puma-type
robots. The slice in fig. 2b has four, six, eight, ten, and twelve
solution regions.

IV. CUSPIDALITY ANALYSIS

In this section, it is shown that the JACO robot is cuspidal
and a path corresponding to nonsingular change of solutions
is presented. The twelve solutions are equally distributed in
two aspects, and an IKS from one aspect can be connected
to other five present in the same aspect.

A. Investigating connectivity

The solutions for a particular pose of the end-effector is
given in table II along with the sign of the determinant
of the Jacobian matrix, det(J), at the corresponding joint
configuration. To search for a nonsingular change of solu-
tions, a linear interpolation between two IKS with the same
determinant value was evaluated. If the determinant value
changed sign along the linear interpolation, then the path was
divided in three parts and the two non-extreme points of the

path were recalculated by using the Nelder-Mead approach
[24], to find the possible nonsingular change of solutions.
This is a working algorithm to determine cuspidality of any
robot and is faster to implement when compared to a more
robust certified algorithm in [14]. The advantage of using
Nelder-Mead approach to determine the connectivity of the
given IKS is that the method is versatile and can adapt to
constraints easily. This implies that the working algorithm
can be extended to find a nonsingular change of solutions
with joint limits and collision constraints of the robot too.
Figure 3 & 4 show the progress of det(J) along the joint
paths obtained from the algorithm. It is apparent that there
are six solutions in aspect det(J) > 0 and six solutions in
aspect det(J)< 0.

B. Nonsingular change of solutions

The visualization of a nonsingular change of solutions is
presented in this subsection to emphasize the impact of the
choice of initial IKS on the robot’s interaction with the envi-
ronment. Figure 5 shows the end-effector path corresponding
to the nonsingularchange of solution from VII to VIII (Fig.
4a). The end-effector path is a closed loop. The nonsingular
change of solutions in 3R robots is well understood and
can be anticipated [10]. Indeed, the nonsingular change
of solutions takes place strictly after crossing the locus
of critical values (a workspace boundary associated to a
singularity) and thus the trajectory passes through regions
with different number of IKS [13]. This behavior has not
been proved in 6R robots, and thus it is unclear whether a
nonsingular change of solutions implies a path that passes
through different connected regions in the workspace. It is
straightforward to conclude from fig. 5 that the kinematic
properties along the desired path are a direct result of the
choice of initial IKS.

V. ISSUES IN TRAJECTORY PLANNING

In this section, the challenges in planning a trajectory
with a cuspidal robot are highlighted by using JACO robot.
As shown in fig. 2, it is known that there are multiple

TABLE II: Example enumeration of 12 IKS of a pose of
the JACO robot.
Orientation: h = 0.549 + 0.497î + 0.423ĵ + 0.522k̂,
position(x,y,z)(mm) = (140.49, 47.13, 324.876)

IKS θ1 θ2 θ3 θ4 θ5 θ6
(sign(det)) (rad) (rad) (rad) (rad) (rad) (rad)

I (+) 3.0675 1.0545 1.3090 2.4283 -1.2305 -2.3002
II (+) 2.4335 0.0936 1.5741 1.4311 2.3452 0.5391
III (+) -0.8579 3.0408 1.5721 -1.5912 2.1625 0.5390
IV (+) 2.9132 0.2824 1.9297 -2.1648 -2.9685 -2.7165
V (+) -0.2812 2.0346 1.8631 -0.5833 -1.0917 -2.4130
VI (+) -0.2456 2.8156 1.3090 0.4882 -2.8301 -2.3003
VII (-) -3.1201 0.7082 1.4904 2.62 -1.9637 -1.8817
VIII (-) 2.4730 0.0943 2.0281 -1.4916 -2.4244 2.4362
IX (-) -0.1583 2.7025 1.4699 -0.0656 -2.5402 -1.9078
X (-) -0.7501 1.9399 2.0268 -1.4270 0.6212 2.6291
XI (-) -0.8046 3.0466 1.1135 1.5103 -2.2697 2.4394
XII (-) 2.5338 1.2022 1.1149 1.5839 0.6030 2.6322



(a) IKS I → II (b) IKS II → III

(c) III → IV (d) IKS IV → V

(e) IKS V → VI (f) IKS VI → I

Fig. 3: Progress of the det(J) for six nonsingular change of
solutions in aspect with positive determinant value

connected regions with varying numbers of IKS. It is well
established that when a workspace boundary associated with
a singularity is crossed, at least two solutions disappear
(resp. appear) if the robot move toward a region with less
IKS (resp. with more IKS) [25]. In classical path planning
algorithms, a change of solution only occurs when det(J)
changes sign. Thus, an end-effector path can be declared
infeasible if det(J) changes sign. In the case of cuspidal
robots, a jump to another IKS in the same aspect can be
experienced without being detected, and this jump results
into going off the planned end-effector path. Such a behavior
has been recorded in the MICO robot earlier but lacks a
detailed explanation of the error [15]. It is surprising to note
that the issue in path planning of the JACO Gen 2 robot
has not been widely reported. The authors’ best guess is that
either most of the planning done using this robot is in the
joint space or the solutions are just declared infeasible if a
critical value is encountered. The issues in planning were
discussed with the company that manufactures the robot.

A. Issue 1: Choice of initial IKS

In order to better explain the issue of choosing a suitable
initial IKS, the case of a 3R robot is presented in detail.
The workspace and singularities of 3R robots have been
extensively presented in [10], [13], and are revisited briefly in
this paper. Figure 6 shows the singularities in both the joint
space and the workspace of an example of a 3R orthogonal
robot with DH-parameters similar to the one mentioned in

(a) IKS VII → VIII (b) IKS VIII → IX

(c) IKS IX → X (d) IKS X → XI

(e) IKS XI → XII (f) IKS XII → VII

Fig. 4: Progress of det(J) for six nonsingular change of
solutions in aspect with negative determinant value

fig. 1. Figure 6b illustrates a closed loop path that starts from
a pose with four IKS and passes through two connected re-
gions in the workspace. The level set representation [26] of a
cross section of the workspace in (ρ,z,cosθ2) corresponding
to the two aspects are shown in fig. 7b & 8b respectively.
The dotted line represents the pose of the end-effector and
the intersection of this line with the level set representation
corresponds to one IKS. qi is the IKS in the joint space
of the robot and the corresponding point on the level set
representation is given as pi. Depending upon the initial IKS,
qi, the path is either feasible or infeasible. It can be deduced
from fig. 1, fig. 7 and fig. 8 that if the trajectory starts from
initial IKS q2 or q3, the closed loop path is infeasible. The
path is feasible only if the initial IKS is either q1 or q4.
Closed-loop paths that do not result in a change of IKS can
be repeated but this is clearly not the case of nonsingular
solution changing paths. This dependency of path feasibility
and repeatability on the initial IKS pose several challenges in
planning trajectories of 6R cuspidal robots. Being aware of
the cuspidal property of a robot, the choice of initial IKS may
not be a problem if the complete trajectory to be followed
and the repeatability condition for the path are known prior to
execution. Thus, it is of great importance that such robots are
strictly used in environments with pre-planned trajectories.
If deployed in collaborative areas (as is the present case for



(a) Initial solution (b) Intermediate path

(c) Intermediate path (d) Final solution

Fig. 5: Nonsingular change of solutions: IKS VII → VIII.

the Jaco robot), such robots are bound to error and can lead
to unexpected behavior and unforeseen scenarios.

(a) Singularities in joint space (b) Singularities in workspace

Fig. 6: Singularities (blue lines) in the joint space and the
workspace of a 3R orthogonal robot.

(a) Closed path starting
from IKS q1

(b) Closed path as seen in the level set
representation of one aspect

Fig. 7: An example of nonsingular change of solutions

B. Issue 2 : Repeatable and non-repeatable trajectories

In 3R robots, the transition between regions with 0, 2 and
4 IKS allows one to visualize the level set representation

(a) Closed path starting
from IKS q4

(b) Closed path as seen in the level set
representation of another aspect

Fig. 8: Same path as in fig. 7 but without changing solutions

making the analysis easier than for 6R robots. For the
JACO robot, there exists multiple accessibility regions with
6 possible number of IKS. This leads to many complicated
possibilities and the planned path may include sudden jumps
in the joint values. This sudden jump cannot be avoided by
use of a generic planner that is unaware of the cuspidal
property of the robot. An example trajectory is shown in
fig. 9 which crosses regions with 4, 6 and 8 IKS. The
trajectory is in the Slice 1 (refer to fig. 2a) and starts from
point a(−180,0) and passes through point b(−180,200),
c(−120,200) and d(−120,0) and returns to a. Figures 10
and 11 show the time histories of the joint angles along the
path. The dotted lines divide the path into four parts and
represent the instances when the path crosses a region with
a given number of IKS in the workspace. They are labeled as
(i → j) denoting the change from a region with i solutions to
the region with j solutions. The first and the fourth regions
correspond to the path in a eight-solution region while the
second and third regions correspond to the path in six- and
four-solution regions, respectively. The blue color paths in
each plot are the solutions in an aspect with det(J) > 0
while the red paths correspond to det(J) < 0. In fig. 10,
Ti, i = 1..8 is a trajectory corresponding to each initial IKS.
It can be seen that if the robot starts the path from IKS
corresponding to T3, T4, T7 or T8, it soon meets a singularity.
If the cuspidality of the robot is not taken into account, a
sudden jump will take place to a solution available in the
same aspect at the next discrete instance. For example, if
the path is initiated from T4 (resp. from T3), after the first
dotted line, (8 → 6), there will be a sudden jump to T1,T5
or T8 (resp. to T2,T6 or T7). In case of trajectory T7 and T8,
there will be a sudden jump after (6 → 4) to T2 or T6 and
T1 or T5, respectively. Some of these jumps are shown by
green color lines in fig. 10. It is apparent that T3, T4, T7 and
T8 are infeasible. Trajectories T1 and T5 whose initial IKS
belongs to an aspect with det(J)< 0 necessarily correspond
to a nonsingular change of solutions that are non-repeatable.
The trajectory T1 (resp. T5) leads to change the IKS to the
initial IKS of T8 (resp. T4). Trajectories T2 and T6 whose
initial IKS belongs to an aspect with det(J) > 0 are the
only two trajectories out of the eight possibilities that are
repeatable and do not correspond to a nonsingular change of
solutions.

Trajectories that pass through multiple regions with higher



Fig. 9: A closed trajectory crossing multiple connected
regions in the workspace of JACO robot

8 solution

region

4 solution

region

6 solution

region

Jump

Fig. 10: Value of θ1 along the closed path in fig. 9, with
regions of 4, 6 and 8 IKS. Blue and red paths correspond
to solutions in an aspect with det(J) > 0 and det(J) < 0
respectively.

number of IKS can lead to even more complicated scenarios
and will be discussed in the future. A closed loop trajectory
in the slice shown in 2b that starts from point a(−90,200)
and passes through b(−150,200), c(−150,375), d(75,375)
and e(75,200) is bound to sudden jumps and getting off the
expected path no matter which initial IKS is chosen. The two
examples discussed in the paper demonstrate the challenges
in path planning for a cuspidal robot. These examples are
not related to any special poses, the only condition used
to demonstrate the issues in path planning is that it travels
through multiple connected regions in the workspace. It
suffices to say that the cuspidality analysis is essential
particularly in the present scenario when designers choose
unconventional designs. The issues in the trajectory planning
of a cuspidal robot make it necessary that such robots are
limited to applications involving a known environment and
use of pre-planned trajectories.

VI. CONCLUSIONS AND FUTURE WORK

In this work, an example of a cuspidal commercial robot
employed in applications involving human interaction is
presented. This robot is close to conventional Puma-type

(a) Value of θ2 along the path (b) Value of θ3 along the path

(c) Value of θ4 along the path (d) Value of θ5 along the path

(e) Value of θ6 along the path

Fig. 11: Plot for θ2...6 of all solutions at discretized points
along the path in fig. 9.

robots but has a wrist offset. The kinematic analysis with
the different IKS and the major difference from conventional
wrist-partitioned robots has been detailed. The JACO robot
was shown to be cuspidal with the help of connectivity
analysis of the twelve IKS of the robot. A nonsingular change
of solutions for the robot was then presented. The problems
in trajectory planning arising from the innate kinematic prop-
erty of the JACO robot was introduced. The issues related to
the initial choice of IKS as well as the repeatability of a given
path were detailed with an example trajectory. Many existing
industrial robots like FANUC CRX series and Kinova Link 6
are cuspidal robots and thus the risks of deploying cuspidal
robots in collaborative environments were also explained. In
future, the cuspidality analysis of robots will be conducted
considering joint limits and collision constraints. This will
help analyzing practically feasible paths and their nature
enhancing the trajectory planning of cuspidal robots. A
path planning framework for cuspidal robots is also being
designed to mitigate the issues presented in this paper.
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